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Abstract: In this paper, based on Jumarie’s modified Riemann-Liouville (R-L) fractional calculus, we find the
solution of some type of improper fractional integral. Change of variable for fractional calculus, integration by parts
for fractional calculus, fractional L’Hospital’s rule, and a new multiplication of fractional analytic functions play
important roles in this article. In fact, our result is a generalization of the traditional calculus result.
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I. INTRODUCTION

Fractional calculus with derivatives and integrals of any real or complex order has its origin in the work of Euler, and even
earlier in the work of Leibniz. Shortly after being introduced, the new theory turned out to be very attractive to many famous
mathematicians and scientists, for example, Laplace, Riemann, Liouville, Abel, and Fourier. Fractional calculus has
important applications in many scientific fields such as physics, mechanics, biology, engineering, viscoelasticity, dynamics,
control theory, economics, and so on [1-11].

However, the definition of fractional derivative is not unique. Commonly used definitions include Riemann-Liouville (R-
L) fractional derivative, Caputo fractional derivative, Grunwald-Letnikov (G-L) fractional derivative, Jumarie’s modified
R-L fractional derivative [12-16]. Since Jumarie type of R-L fractional derivative helps to avoid non-zero fractional
derivative of constant function, it is easier to use this definition to connect fractional calculus with classical calculus.

In this paper, based on Jumarie type of R-L fractional calculus, we find the solution of the following improper a-fractional
integral:

1 a
o 1 4 ®—(mx )
< 01[]"(0(+1)];‘> [(l"(a+1)x ) ]’ @)

where 0 < a < 1. Change of variable for fractional calculus, integration by parts for fractional calculus, fractional
L’Hospital’s rule, and a new multiplication of fractional analytic functions play important roles in this paper. In fact, our
result is a generalization of traditional calculus result.

I1. DEFINITIONS AND PROPERTIES
Firstly, we introduce the fractional calculus used in this paper.

Definition 2.1 ([17]): Let 0 < @ <1, and x, be a real number. The Jumarie’s modified Riemann-Liouville (R-L) a-
fractional derivative is defined by
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And the Jumarie type of Riemann-Liouville a-fractional integral is defined by

(e JOFO] = — [* LY ¢, @3)

F(a) Xo (x—t)1-@

where I'( ) is the gamma function.
In the following, some properties of Jumarie type of fractional derivative are introduced.

Proposition 2.2 ([18]): If a, B, x,, C are real numbersand g = a > 0, then

(eoDE)[Cx = x0)F] = 7P (e = x0)P 7, (@)

and

(xDE)IC] =0. ®)
Next, we introduce the definition of fractional analytic function.

Definition 2.3 ([19]): If x, x4, and a; are real numbers for all k, x, € (a b) and 0 < a < 1. If the function f,: [a,b] - R

can be expressed as an a-fractional power series, i.e., f,(x%) = (x — x)** on some open interval containing

Li= ol"(ka+1)
Xo, then we say that f, (x%) is a-fractional analytic at x,. Furthermore, if f,: [a, b] = R is continuous on closed interval
[a, b] and it is a-fractional analytic at every point in open interval (a, b), then f,, is called an a-fractional analytic function
on [a, b].

In the following, a new multiplication of fractional analytic functions is introduced.

Definition 2.4 ([20]): If 0 < @ < 1, and x, is a real number. Suppose that f, (x%) and g, (x%) are a-fractional analytic at
X = Xg ,

fa () = B0 maesy O = %), (6)
Ja(x*) = 2= om( — x0)"*. (7
Then
fa(x%) @ ga(x)
= Zﬁzoﬁ (x = x0)"* ® Z?:Oﬁ (x — xp)**
= 50 (B0 (5) @hmbm) G = 300 ®
In other words,
fa(x*) & go(x©)
= S0 % (s - x)) @ S (s = x))
o k
= 502 (Zhco (5) @embn) (s G = 30)) ©
Definition 2.5 ([21]): If 0 < @ < 1,and f,(x%), g,(x%) are a-fractional analytic at x = x, ,
fue®) = B motas (2 = x0)*® = Bio B (r (o — ) (10)
9a(r) = B mos (= 1) = N 2 (A = x)®) (11)
The compositions of f, (x%) and g, (x%) are defined by
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(fu © 9) (6 = fu(92(x®) = B0 (g2 (x) ™", (12)
and
o ®k
(9 © f) (2) = ga(fua(x®) = Lo 2 (fu(x)) ™. (13)
Definition 2.6 ([22]): Let 0 < a < 1, and x be a real number. The a-fractional exponential function is defined by
o v xka w1 1 @ ®k
Eo(x®) = Loy = Zhcow G ¥) - (14)

Definition 2.7: Let 0 < a < 1, and f,(x%), g, (x%*) be two a-fractional analytic functions. Then (fa(x“))®" =f,(xQ
@ fr(x*) is called the n-th power of f,(x*). On the other hand, if f,(x*) & g,(x%) = 1, then g, (x%) is called the ®

reciprocal of £,(x%), and is denoted by (fa(x“))®_1.

Definition 2.8 ([23]): Let0 < a < 1. If u,(x%), w,(x%) are two a-fractional analytic functions. Then the a-fractional
power exponential function wu, (x*)®%«®* s defined by

Uy (x®)®Wa) = | (Wa(x“) R Lna(ua(x“))). (15)

Theorem 2.9 (integration by parts for fractional calculus) ([24]): Assume that 0 < a < 1, a, b are real numbers, and
fu(x%), go(x%) are a-fractional analytic functions, then

(o) [ ® (D)9 (x| = [fux®) ® gux = = (o) |99 ® (D) fax9]|  (16)

Theorem 2.10 (change of variable for fractional calculus) ([25]): If 0 < ¢ < 1, f,, u, are a-fractional analytic functions
such that the range of u, contained in the domain of £, then f, o u, is a a-fractional analytic function and

(o) [0 u) ) @ (WD) ta @] = (gt o)) e ], (17)

Theorem 2.11 (fractional L Hospital’s rule) ([26]): Suppose that 0 < a < 1, ¢ is a real number, and f,(x%), g,(x%),
[g,(x*)]® 1 are a-fractional analytic functions at x = c. If lim f,(x%) = lim g,(x%) = 0, or lim f,,(x*) = £, and
x-c x-c xX—=c

®-1
lim g, (x°) = oo, Assume. that  lim f,(x)®lga()]° " and lim( D) LG N@[(DE)lgale]  exist
( DE)[ga(x™)](c) # 0. Then
lim £, (<)@, 1° = lim( DI GN@[( DD
I1l. MAIN RESULT

In this section, we obtain the main result in this paper. At first, we need two lemmas.

Lemma 3.1: Let 0 < @ < 1 and n be a non-negative integer. Then the improper a-fractional integral

(olfx) [(F(a1+1) ta)®n ® Eq(-t9)| =n! (19)
Proof Ifn = 0, then
(o) [Eq(—t®)] = —Eo(=tD[§™ = 1. (20)

Furthermore, by integration by parts for fractional calculus,

(o) [ t) " © Eul—t)]

INa+1)

I'(a+1)

= (olf) [( - t“)®” ® ( ODf)[—Ea(—t“)J]
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- (l"(a1+1) t“)®n Eq(=tM)|§® +n- ( OI+00) [(F(a+1) ta)®(n_1) ® Ea(—t“)]

1 ®(n_1) . .
=n- ( Olfm) [(F(a+1) t“) ® Ea(—t“)]. (by fractional L’Hospital’s rule) (22)
Therefore, by induction, we obtain the desired result. Q.e.d.

Lemma 3.2: Let 0 < @ < 1 and n be a non-negative integer. Then the improper a-fractional integral

( (FarD]F )[[ ) ® Lna )] ] et (22)

Proof Let

y% = —Ln,(x%), then “ = E,(—y%). Thus, by change of variable for fractional calculus,

F(a+1)x

( I[Olt“(a+1)] )[[_ (F(a+1) )® Lna(x“)] ]

= —(olfw) [[(Ea(—y“)) ® r(;ﬂ) y“]®n ® —Ea(—y“)]

I'(a+1)

= (olfx) [(Ea(—y“))®n ® (F(;H)y“)@n ® Ea(—y“)]

= (o) | (s 7) " @ Bl + 1))

a a a —
(n+1)n’r1 ( 0 +°°) [(F(a+1) t ) ® E ( t )] (Iet I'(a +1) t (n + 1) F(a+1)y )

n!
T (nepnt”

(by Lemma 3.1)

Q.ed.

Theorem 3.3: If 0 < a < 1, then the improper a-fractional integral

1 a
a 1 a ®_(F(a+1)x) _ vy 1
( I[F(a+1)]"‘) [(F w™’) R )

(F(a1+1)x a)
[F(a+1)]2 F(““)

(4
(e ( )mna(xa))]
(4

Proof

B [T(a+1)]a ) F(a+1) ) ® Lna(x“)] ]
) '( [[(a+1)]@ ) [[_ (F(a+1) ) ® Lna(x“)] ]
=Zron m (by Lemma 3.2)
1
= Zn:om
i Z%o:lnin | Q.e.d.
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IV. CONCLUSION

In this paper, based on Jumarie type of R-L fractional calculus, we solve some type of improper fractional integral mainly
using change of variable for fractional calculus, integration by parts for fractional calculus, and fractional L’Hospital’s rule.
A new multiplication of fractional analytic functions plays an important role in this paper. In fact, our result is a
generalization of the result in ordinary calculus. In the future, we will continue to use these methods to study the problems
in applied mathematics and fractional differential equations.
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